We consider in this note Furstenberg transformations on Cartesian products of infinite-dimensional tori. Under some appropriate assumptions, we show that these transformations are uniquely ergodic with respect to the Haar measure and have countable Lebesgue spectrum in a suitable subspace. These results generalise to the infinite-dimensional setting previous results of H. Furstenberg, A. Iwanik, M. Lemańzyk, D. Rudolph and the second author in the one-dimensional setting. Our proofs rely on the use of commutator methods for unitary operators and Bruhat functions on the infinite-dimensional torus.
Introduction
We consider in this note the generalisation of Furstenberg transformations on Cartesian products T d (d ≥ 2) of one-dimensional tori [8, Sec. 2] to the case of Cartesian products (T ∞ ) d of infinite-dimensional tori. Using recent results on commutator methods for unitary operators [14, 15] , we show under a C 1 regularity assumption on the perturbations that these transformations are uniquely ergodic with respect to the Haar measure on (T ∞ ) d and are strongly mixing in the orthocomplement of functions depending only on variables in the first torus T ∞ (see Assumption 3.2 and Theorem 3.3). Under a slightly stronger regularity assumption (C 1 + Dini continuous derivative), we also show that these transformations have countable Lebesgue spectrum in that orthocomplement (see Theorem 3.4) . These results generalise to the infinite-dimensional setting previous results of H. Furstenberg, A. Iwanik, M. Lemańzyk, D. Rudolph and the second author [8, 10, 15] in the one-dimensional setting.
Apart from commutator methods, our proofs rely on the use of Bruhat test functions [5] which provide a natural analog to the usual C ∞ -functions which do not exist in our infinite-dimensional setting (see Section 3 for details). We also mention that all the results of this note apply to Furstenberg transformations on Cartesian products (T n ) d of finite-dimensional tori T n of any dimension n ≥ 1. One just has to consider the particular case where the functions defining the Furstenberg transformations on (T ∞ ) d depend only on a finite number of variables.
Here is a brief description of the content of the note. First, we recall in Section 2 the needed facts on commutators of unitary operators and regularity classes associated to them. Then, we define in Section 3 the Furstenberg transformations on (T ∞ ) d , and prove Theorems 3.3 and 3.4 on the unique ergodicity, strong mixing property and countable Lebesgue spectrum of these transformations.
We refer to [9, 11, 12, 13] and references therein for other works building on Furstenberg transformations.
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Commutator methods for unitary operators
We recall in this section some facts borrowed from [7, 14] on commutator methods for unitary operators and regularity classes associated to them.
Let H be a Hilbert space with scalar product · , · antilinear in the first argument, denote by B(H) the set of bounded linear operators on H, and write · both for the norm on H and the norm on B(H). Let A be a self-adjoint operator in H with domain D(A), and take S ∈ B(H). For any k ∈ N, we say that S belongs to C k (A), with notation S ∈ C k (A), if the map
is strongly of class C k . In the case k = 1, one has S ∈ C 1 (A) if and only if the quadratic form
is continuous for the topology induced by H on D(A). We denote by [S, A] the bounded operator associated with the continuous extension of this form, or equivalently −i times the strong derivative of the function (2.1) at t = 0. A condition slightly stronger than the inclusion S ∈ C 1 (A) is provided by the following definition: S belongs to C 1+0 (A), with notation S ∈ C 1+0 (A), if S ∈ C 1 (A) and if [A, S] satisfies the Dini-type condition
As banachisable topological vector spaces, the sets
Now, let U ∈ C 1 (A) be a unitary operator with (complex) spectral measure E U ( · ) and spectrum σ(U) ⊂ S 1 := {z ∈ C | |z| = 1}. If there exist a Borel set Θ ⊂ S 1 , a number a > 0 and a compact operator K ∈ B(H) such that
then one says that U satisfies a Mourre estimate on Θ and that A is a conjugate operator for U on Θ. Also, one says that U satisfies a strict Mourre estimate on Θ if (2.2) holds with K = 0. One of the consequences of a Mourre estimate is to imply spectral properties for U on Θ. We recall here these spectral results in the case U ∈ C 1+0 (A). We also recall a result on the strong mixing property of U in the case U ∈ C 1 (A) (see [7, 
Then, U has at most finitely many eigenvalues in Θ, each one of finite multiplicity, and U has no singular continuous spectrum in Θ. Furthermore, if (2.3) holds with K = 0, then U has only purely absolutely continuous spectrum in Θ (no singular spectrum).
Theorem 2.2 (Strong mixing).
Let U and A be respectively a unitary and a self-adjoint operator in a Hilbert space H, with U ∈ C 1 (A). Assume that the strong limit
exists, and suppose that
⊥ has purely continuous spectrum.
Furstenberg transformations on Cartesian products of infinitedimensional tori
Let
, and let T ∞ be the dual group of T ∞ . For each n ∈ N ≥1 , let µ n be the normalised Haar measure on (T ∞ ) n , and let
n , µ n be the corresponding Hilbert space. In analogy to Furstenberg transformations on Cartesian products of one-dimensional tori (see [8, Sec. 2 .3]), we consider Furstenberg transformations on Cartesian products of infinite-dimensional tori
Since T d is invertible and preserves the measure µ d , the Koopman operator
is a unitary operator. Furthermore, W d is reduced by the orthogonal decompositions
and the restriction W d | H j,χ is unitarily equivalent to the unitary operator
In order to define later a conjugate operator for U j,χ , we first define a suitable group of translations on (T ∞ ) j −1 . For this, we choose {y t } t∈R an ergodic continuous one-parameter subgroup of T ∞ such that each map
is of class C 1 . An example of such a subgroup {y t } t∈R is for instance given by the formula
with y ∈ R a transcendental number (see [6, Ex. 4.1.1]). Then, we associate to {y t } t∈R the translation flow
and the translation operators V j −1,t :
Due to the continuity of the map R ∋ t → y t ∈ T ∞ and of the group operation, the family {V j −1,t } t∈R defines a strongly continuous unitary group in H j −1 with self-adjoint generator
When dealing with differential operators on compact manifolds, one typically does the calculations on an appropriate core of the operators such as the set of C ∞ -functions. But here, the are no such functions on [5] for details). Set T 0 := {0}, and for each n ∈ N let π n : (
Then,
, that is, B j −1 is the set of all functions on (T ∞ ) j −1 that are obtained by lifting to (T ∞ ) j −1 any C ∞ -function on one of the Lie groups (T n ) j −1 . The set B j −1 is dense in H j −1 , it is left invariant by the group {V j −1,t } t∈R , and satisfies the inclusion B j −1 ⊂ D(H j −1 ) (to show the latter, one has to use the C 1 -assumption (3.1)). Therefore, it follows from Nelson's theorem [1, Prop. 5.3] that H j −1 is essentially self-adjoint on B j −1 . Now, if the (multiplication operator valued) map
Thus, the operator
is a bounded self-adjoint multiplication operator in H j −1 .
Lemma 3.1. Take j ∈ {2, . . . , d} and χ ∈ T ∞ \ {1}, and assume that the map
Proof. Take η ∈ B j −1 . Then, the commutation of V j −1,t and W j −1 and the differentiability assumption imply that
and thus the claim follows from the boundedness of g j,χ and the density of
, where
and with
In the next theorem, we use the fact that the map
is a character on R, and thus of class C ∞ . We also use the notation Proof. (i) Take j ∈ {2, . . . , d}, χ ∈ T ∞ \ {1} and t ∈ R. Then, there exist k χ ∈ N ≥1 and n 1 , . . . , n kχ ∈ Z such that χ(x j −1 ) = e 2πi kχ k=1
n k x j−1,k , with x j −1 ∈ T ∞ and x j −1,k ∈ [0, 1) the k-th cyclic component of x j −1 . Therefore, we infer from Assumption 3.2 that
and Lemma 3.1 implies that U j,χ ∈ C 1 (H j −1 ) with [H j −1 , U j,χ ] = g j,χ U j,χ and
(ii) We now proceed by induction on d to prove the claims. For the case d = 2, we take χ ∈ T ∞ \ {1} and note that point (i) implies
Since T 1 is ergodic and
, it follows by Birkhoff's pointwise ergodic theorem and Lebesgue dominated convergence theorem that
is nontrivial and the subgroup {y t } t∈R ergodic, we have ξ
= 0 (see [6, Thm. 4.1.1'] ). Thus, D 2,χ = 0, and we deduce from Theorem 2.2(a) that U 2,χ is strongly mixing. Since this is true for each χ ∈ T ∞ \ {1}, and since U 2,χ is unitarily equivalent to W 2 | H2,χ , we infer that W 2 is strongly mixing in ⊕ χ∈ T ∞ \{1} H 2,χ = H 2 ⊖ H 1 .
To show that T 2 is uniquely ergodic with respect to µ 2 , we take an eigenvector of W 2 with eigenvalue 1, that is, a vector ϕ ∈ H 2 such that W 2 ϕ = ϕ. Since W 2 is strongly mixing in H 2 ⊖ H 1 , W 2 has purely continuous spectrum in H 2 ⊖ H 1 (see Theorem 2.2(b)), and thus ϕ = η ⊗ 1 for some η ∈ H 1 . So,
and thus η is an eigenvector of W 1 with eigenvalue 1. It follows that η is constant µ 1 -almost everywhere due to the ergodicity of T 1 . Therefore, ϕ is constant µ 2 -almost everywhere, and T 2 is ergodic. This implies that T 2 is uniquely ergodic because ergodicity implies unique ergodicity for transformations such as T 2 (see [6, Thm. 4 
This, together with the unique ergodicity of T d −1 , allows us to show that T d is uniquely ergodic as in the case d = 2.
We know from the proof of Theorem 3.3 that if Assumption 3.2 is satisfied, then U j,χ ∈ C 1 (H j −1 ) with [H j −1 , U j,χ ] = g j,χ U j,χ . So, it follows from [7, Sec. 4 ] that the operator
is self-adjoint, and that
Theorem 3.4 (Countable Lebesgue spectrum). Suppose that Assumption 3.2 is satisfied, and assume for each j ∈ {2, . . . , d} and k
Proof. Take j ∈ {2, . . . , d} and χ ∈ T ∞ \ {1}. Then, we know from Lemma 3.1 that
So, we obtain that U j,χ ∈ C 1+0 (H j −1 ) with [H j −1 , U j,χ ] = g j,χ U j,χ , and thus deduce from [7, Sec. 4 ] that
j,χ U j,χ . Now, H j −1 η j −1,k ∈ C (T ∞ ) j −1 and T j −1 is uniquely ergodic with respect to µ j −1 due to Theorem 3.3. Thus, we infer from (3. j,χ U j,χ ≥ a. Therefore, all the assumptions of Theorem 2.1 are satisfied, and thus U j,χ has purely absolutely continuous spectrum. Since this occurs for each j ∈ {2, . . . , d} and χ ∈ T ∞ \ {1}, and since U j,χ is unitarily equivalent to W d | H j,χ , one infers that W d has purely absolutely continuous spectrum in j ∈{2,...,d }, χ∈ T ∞ \{1} H j,χ = H d ⊖ H 1 . Finally, the fact that W d has has countable Lebesgue spectrum in H d ⊖ H 1 can be shown in a similar way as in [10, Lemmas 3 & 4] .
The result of Theorem 3.4 is an extension to the case of infinite-dimensional tori of results previously obtained in the case of one-dimensional tori (see [10, Cor. 3] or [15, Thm. 5.3] ).
